Taking the point of view of Legendrian curves in complex projective 3-space and using the classical Lie-Klein duality of algebraic geometry, we revisit various meromorphic representation formulae for Legendrian and null curves in PSL(2, C). These include Small's formula for null curves, the formulae for Legendrian curves given by Kokubu, Umehara and Yamada, by Gálvez, Martínez and Milán, and more recently by Ejiri and Takahashi. We discuss their relationships and provide a dictionary for their meromorphic data. Some examples related to the W -curves of complex projective 3-space are discussed.
Introduction
It is well known that the holomorphicity of a suitable curve in PSL(2, C) = SL(2, C)/{±I} characterizes both surfaces of constant mean curvature one (CMC 1) and flat fronts in hyperbolic 3-space H 3 . Actually, Bryant [3] proved that any holomorphic null immersion into PSL(2, C) projects to a CMC 1 surface in H 3 , and that every such surface locally lifts to a holomorphic null immersion into PSL(2, C). Analogously, Gálvez, Martínez and Milán [8] proved that any holomorphic Legendrian map into PSL(2, C) projects to a flat surface in H 3 , and that any flat surface locally arises in this way. This result has later been extended by Kokubu, Umehara and Yamada [10] , [11] to the case of flat fronts, namely flat surfaces admitting a special type of singularities.
In [14] , Small obtained a representation formula that generates null meromorphic curves in PSL(2, C) from pairs of meromorphic functions on a Riemann surface, called the hyperbolic and the secondary Gauss maps. Small's formula only involves the derivation of the two Gauss maps. A simpler proof of the Small formula was given by Kokubu, Umehara and Yamada in [10] . Alternative proofs were also given by de Lima and Roitman [6] , using a method that goes back to Bianchi, and by Sa Earp and Toubiana [13] .
In [10] , Kokubu, Umehara and Yamada, besides proving Small's formula, provided a Small-type representation formula for Legendrian meromorphic curves into PSL(2, C) in terms of two meromorphic functions on a Riemann surface, which are called the hyperbolic Gauss maps. A special instance of this formula provides a representation formula which appeared implicitly in the work of Gálvez, Martínez and Milán [8] . A third representation formula for meromorphic Legendrian maps into PSL(2, C) has recently been obtained by Ejiri and Takahashi [7] as an application of the Bryant formula for Legendrian curves in CP 3 (cf. [2] ). Unlike the other known representation formulae, this formula, which we refer to as the Ejiri-Takahashi formula, only involves the derivation of the meromorphic data.
One purpose of this paper is to clarify the relationships between the meromorphic data of the Kokubu-Umehara-Yamada formulae and those of the EjiriTakahashi formula for Legendrian curves into PSL(2, C) and provide a dictionary to translate the ones into the others. This is done in Section 2. In Section 3, using an explicit construction relating to the classical Lie-Klein duality of algebraic geometry, we associate with a Legendrian curve in PSL(2, C) a null curve in PSL(2, C) and express its Small meromorphic data in terms of the meromorphic data of Kokubu, Umehara ad Yamada and of Ejiri-Takahashi of the original Legendrian curve (cf. Theorem 6). Finally, some examples related to the W -curves of CP 3 are discussed.
2 Representation formulae for Legendrian curves in PSL(2, C)
Legendrian curves in PSL(2, C)
Let PSL(2, C) = SL(2, C)/{±I 2 } be the projective special linear group. The elements of PSL(2, C) are written as equivalent classes [A] of 2 × 2 unimodular complex matrices A and the Lie algebra of PSL(2, C) is identified with sl(2, C). Let M be a Riemann surface. A meromorphic map Φ : M → PSL(2, C) is a map which is represented as
where Φ 
are defined, which in [8] are called the hyperbolic Gauss maps. A meromorphic 1-form on M is also defined by
which is called the canonical form, see [10] . Here dΦ 
It has been shown in [8] (cf. also [11] ) that if Φ : M → PSL(2, C) is a holomorphic Legendrian immersion of a Riemann surface M , then ϕ = ΦΦ * : M → H 3 is a flat front, that is a flat surface with special type of singularities (cf. [11] for details). Conversely, any flat front is locally the hyperbolic projection of a holomorphic Legendrian immersion into PSL(2, C).
The following representation formula for meromorphic Legendrian curves was obtained by Kokubu, Umehara and Yamada. 
where
and z 0 ∈ M is a base point, is a nonconstant Legendrian curve in PSL(2, C) whose hyperbolic Gauss maps are G 0 and G 1 . Moreover, the canonical form is given by
Conversely, any meromorphic Legendrian curve Φ : M → PSL(2, C) from a Riemann surface M into PSL(2, C) with nonconstant hyperbolic Gauss maps G 0 and G 1 arises in this way. Definition 1. The pair of meromorphic functions (G 0 , G 1 ) of Theorem 1 will be referred to as the Kokubu-Umehara-Yamada data of the Legendrian curve Φ (KUY-data for short).
As a corollary of Theorem 1, Kokubu-Umehara-Yamada [10] obtain a second representation formula for Legendrian curves, due essentially to Gálvez, Martínez and Milán [8] . 
defines a Legendrian curve in PSL(2, C), whose hyperbolic Gauss map and canonical form are G 0 and ω, respectively.
Conversely, any meromorphic Legendrian curve in PSL(2, C) defined on a Riemann surface M with nonconstant hyperbolic Gauss map G and non-zero canonical for ω is written as in (5).
Definition 2. The pair (G 0 , ω) of Theorem 2 will be referred to as the Gálvez-Martínez-Milán data of the Legendrian curve Φ (GMM-data for short).
We now recall a third representation formula for Legendrian curves into the projective group PSL(2, C) which is due to Ejiri and Takahashi [7] . It does not involve any integration and relies on the representation formula for Legendrian curves in CP 3 given by Bryant [2] .
Theorem 3 ([7]). If f, g are meromorphic functions on a connected Riemann surface M with g nonconstant and f g
Conversely, up to multiplication by an element of PSL(2, C), any nonconstant Legendriam curve Φ from M into PSL(2, C) is either of the form Φ(f, g) for some unique meromorphic functions f and g on M , or takes the form
for some constants a, c, and a meromorphic function h. 1 Throughout, denotes the derivative with respect to a local complex coordinate on M .
Proof of Theorem 3. If we choose homogeneous coordinate (x
induces a complex contact structure on CP 3 through the standard projection [ · ] :
More precisely, on the coordinate domain U 1 = {x 1 = 0} ⊂ CP 3 , θ induces the local contact form
A map γ = [v] : M → CP 3 is a Legendrian (or contact) curve if the pull-back of the 1-form θ by v vanishes identically. We identify C 4 with the vector space gl(2, C) of 2 × 2 complex matrices by
and think of CP 3 as the projectivization of gl(2, C). Then, the projective group PSL(2, C) = SL(2, C)/{±I} may be identified with CP 3 \ Q 2 , the complement in CP 3 of the nonsingular quadric surface
whose inverse is given by
The maps ι and ι −1 are compatible with the contact structures determined by θ on CP 3 \ Q 2 and by Ω 
On the other hand, a simple computation shows that
Now, according to Theorem F in [2] , if f and g are meromorphic functions with g nonconstant, the curve defined by
is Legendrian in CP 3 . The fact that (6) defines a meromorphic Legendrian curve in PSL(2, C) follows from the above discussion.
Conversely
] : M → PSL(2, C) be a meromorphic Legendrian curve into PSL(2, C). Then, by (11) , the map
is Legendrian. By possibly replacing x by Ax, for A ∈ SL(2, C), we may assume that x 1 = 0, hence v 1 = 0, and then reduce the discussion to the case v 1 ≡ 1. Again, we argue as in the proof of Theorem F in [2] . If v 2 is not constant, set g = v 2 and f = v 4 + v 2 v 3 . Now, the contact condition for γ can be written as
] takes the form (7), as required.
Definition 3. The pair of meromorphic functions (f, g) of Theorem 3 will be referred to as the Ejiri-Takahashi data of the Legendrian curve Φ (ET-data for short).
Comparison of meromorphic data for Legendrian curves
In this section we express the KUY-data in terms of the ET-data, and conversely. 
give the ET-data of Φ, where ξ is as in (4) . On the other hand, if (f, g) are the ET-data of Φ, then
are the KUY-data of Φ. Moreover,
are the GMM-data of Φ, where
Proof. If G 0 and G 1 are the KUY-data of Φ and f and g are as in (13) , then a direct computation yields
which is (3).
On the other hand, if f and g are the ET-data of Φ and G 0 , G 1 are as in (14),
which implies
and G 0 , G 1 are the KUY-data of Φ as required. Finally, if G 0 and ω are as in (15) , it easily seen that
which implies that G 0 , ω are the GMM-data of Φ. 
are defined, which are called the hyperbolic Gauss map and the secondary Gauss map, respectively (cf. [10, 17] ). Note that since Φ is null, if (dΦ Remark 2. It is well known that if Ψ : M → PSL(2, C) is a holomorphic null immersion of a Riemann surface M , then f = ΨΨ * : M → H 3 is a CMC 1 surface, and that, conversely, any CMC 1 surface arises locally as the hyperbolic projection of a holomorphic null immersion into PSL(2, C) (cf. [3] and also [15] , [16] ). For a related study of null curves in SL(2, R), see [12] .
In [14] (cf. also [10] ) Small obtained a representation formula for null curves in terms of the Gauss maps.
Theorem 5 (Small [14, 10] 
is a nonconstant null curve in PSL(2, C) whose hyperbolic and secondary Gauss maps are, respectively, G 0 and G 1 . Conversely, any meromorphic null curve in PSL(2, C) whose hyperbolic and secondary Gauss maps are non constant arises in this way. 
are the Small data of a null curve Ψ into PSL(2, C) which 3 takes the form 
For the proof of Theorem 6 we need to recall some preliminary material. Let W be the complex 5-dimensional vector space of all 4 × 4 skew-symmetric complex matrices A = (a ij ) given by
Endow W with the quadratic form q given by the Pfaffian,
and let Q 3 be the 3-quadric in P(W ) = CP 4 given by
Since the Pfaffian of A is the square root of the determinant of A, det (A) = Pf(A) 2 , then q(A) = 0 if and only if A is singular. Now skew-symmetric matrices have even rank, so if q(A) = 0, but A = 0, then A must have rank 2. It is easily seen that any skew-symmetric 4 × 4 matrix of rank 2 is decomposable, that is, has the form
for some linearly independent (column) vectors x, y ∈ C 4 . Note that if A = x × y = 0, then the column space Im A of A is spanned by x and y. The condition a 14 + a 23 = 0 applied to a decomposable skew-symmetric matrix A = x × y is equivalent to
where J is the non-singular skew-symmetric matrix given by
Thus, the 3-quadric Q 3 identifies with the Grassmannian of Lagrangian 2-planes in C 4 with respect to the symplectic structure induced by J. We will write
A 2-dimensional subspace L ⊆ W on which q vanishes identically is called a q-null 2-plane. Each q-null 2-plane is a plane of decomposable skew-symmetric matrices in W . Lemma 7 establishes a correspondence between the points of CP 3 and the set of q-null 2-planes in W or, equivalently, the set of lines in Q 3 .
Remark 3. Let L ⊆ W be a q-null 2-plane spanned by
We know that A and B have rank 2. Assume that Im A and Im B are spanned by the first two columns of A and B, respectively. Using that dim (Im A ∩ Im B) = 1, we find that the vector
is a generator of the intersection. 
We are now in a position to prove Theorem 6. Explicitly, the matrix A = v × v representing ψ γ is expressed in terms of the ET-data by 
Next, consider the projection of the affine part Q 3 ∩ {a 3 = 0} of the quadric 
that corresponds, away from the zeroes of a 3 , to the null curve ψ γ : M → Q 3 , is a null curve of PSL(2, C) in the sense specified above.
In terms of the ET-data of Φ, the null curve Ψ is given by
According to (16) and (17), the hyperbolic and secondary Gauss maps of Ψ are computed to be, respectively,
which expresses the Small data of Ψ in terms of the ET-data of Φ. In view of (26), we have that from the Riemann sphere S 2 ∼ = CP 1 into CP 3 is a nonlinear curve of degree 2m + 1 and ramification degree 2m − 2 for all integer m ≥ 1. In particular, it is not an immersion for m > 1. The map ψ m : S 2 → Q 3 is instead a holomorphic null immersion of degree 2m − 1. This is a consequence of the Plücker relations (cf. [4] , [9] ).
